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Shell corrections to the moment of inertia (MI) are calculated for a Woods-Saxon potential of
spheroidal shape. For the statistical equilibrium collective rotations under consideration, the MI is
obtained within the cranking model in an approach which goes beyond the quantum perturbation
approximation based on the non-perturbative energy spectrum. For the calculation of the MI shell
corrections, the Strutinsky smoothing procedure is used to obtain the average occupation numbers of
the particle density using the solutions of the Woods-Saxon eigenvalue problem. We found that these
shell components are practically proportional to those of the energy shell corrections, in qualitative
agreement with the semiclassical results obtained analytically for the spheroidal cavity within the
periodic orbit theory.
PACS numbers: 21.10. Ev, 21.60. Cs, 24.10 Pa
I. INTRODUCTION
Many significant phenomena in nuclear rotations can
be explained within the theoretical approaches based
on the cranking model [1–5], and the Strutinsky shell-
correction method (SCM) [6, 7]. This approach was ex-
tended by Pashkevich and Frauendorf [8, 9] to the de-
scription of collective rotational bands. For a deeper
understanding of the correspondence between the clas-
sical and the quantum approach and their applications
to high-spin physics, it is worthwhile to analyze the shell
components of the moment of inertia (MI) within the
semiclassical periodic-orbit theory (POT) [10–20]. The
cranking model is, to some extent, of semiclassical na-
ture because the collective rotation of the nuclear many-
body systems is described as a classical transformation
from the laboratory to the body-fixed coordinate system,
rotating around the former with fixed angular velocity
[4, 5]. Using this semiclassical picture, one can reduce the
complex problem of the rotation of a many-body system
to a much simpler diagonalization of an effective mean-
field (one-body) Hamiltonian in the rotating frame. Its
spectrum can be considered as quasi-continuous, since
the rotational excitations are not small as compared with
the distances between non-perturbative neighboring lev-
els, thus violating the condition of applicability of the
quantum perturbation expansion. One could, however,
consider another perturbation approach based on the
concept of a statistical equilibrium rotation with a gen-
eralized rigid-body (GRB) moment of inertia ΘGRB [21]
(see Refs. [19, 22–26]),
Θ ≈ ΘGRB = m
∫
dr r2⊥ ρ(r) , (1)
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where m is the nucleon mass, r⊥ the distance between a
given point r of the nucleus and the rotation axis, and
ρ(r) = ρ˜+δρ(r) the one-body quantum particle-number
density. According to the SCM [6, 7], ρ˜ is a smooth
density and δρ(r) its shell correction. It is obviously this
shell component δρ(r) which determines the MI shell cor-
rection δΘ ≈ δΘGRB.
The semiclassical perturbation expansion [16, 27] by
Greagh has been used in the POT calculations of the MI
shell corrections for a spheroidal cavity mean field [28].
The nonperturbative Gutzwiller POT, extended to the
bifurcation phenomena at large deformations [20, 29–31],
on the other hand, was applied [25] within the cranking
model and a harmonic-oscillator mean field to describe
collective rotations (around an axis perpendicular to the
symmetry axis). For adiabatic collective rotations (rota-
tions at statistical equilibrium) the MI is then described
as the sum of a smooth Extended Thomas-Fermi (ETF)
MI ΘETF [22, 32] and shell corrections δΘ [19, 22–24]. In
a more realistic description of the MI for collective rota-
tions, the ETF approach has already been successful, as
in the case of the nuclear energy [33], by including self-
consistency and spin effects into the calculations [22, 32].
As shown in Refs. [19, 22–24], one can obtain, through
a semiclassical phase-space trace formula, with a good
approximation, analytical expressions for MI shell com-
ponents δΘ in terms of the energy shell corrections δE,
for an arbitrary potential well,
δΘ ∝ δE , (2)
a relation which has been worked out for integrable
Hamiltonians, such as for a harmonic oscillator [22, 25]
or a spheroidal-cavity [19, 23, 24] mean field. Correc-
tions accounting for a finite surface diffuseness and finite
temperature effects of the nuclear system can also been
taken into account as demonstrated in Refs. [24] and [19],
respectively. The exponential decrease of the MI shell
corrections δΘ with increasing temperature and the pos-
sibility to express δΘ through the free-energy shell cor-
rections δF have in particular been discussed in Ref. [19].
For the deformed Woods-Saxon (WS) potential well (of
2spheroidal type) with large depth and small surface dif-
fuseness, as in Refs. [14, 31], we are going, in the present
study, to compare the quantum MI shell corrections δΘ
with the energy shell corrections calculated both by the
SCM, which will allow us to assess the validity of the
semiclassical POT relationship (2) [19, 22, 24, 25].
II. MI SHELL CORRECTIONS
A. The cranking model
Collective rotations of a Fermi system associated
with a many-body Hamiltonian can be described in
the independent-particle approximation by the cranking
model. The complex problem of a rotating many-body
Fermi system can then be reduced, in the restricted sub-
space of Slater determinants, to a much simpler eigen-
value problem of a single-particle (s.p.) Hamiltonian
Hˆω = Hˆ − ω · ℓˆ = Hˆ − ω · ℓˆx , (3)
where ℓˆ is the s.p. angular-momentum operator with
component ℓˆx, having defined 0x as rotation axis per-
pendicular to the symmetry 0z axis. The Hamiltonian
(3) is usually referred to as the Routhian. For simplic-
ity, we shall discard the spin and isospin degrees of free-
dom, in particular the spin-orbit and asymmetry inter-
actions. The rotation frequency ω of the body-fixed co-
ordinate system with respect to the laboratory frame is
the Lagrange multiplier of our problem, associated with
the constraint on the nuclear angular momentum Ix.
The angular velocity ω needs to be adjusted in such a
way that the quantum average 〈ℓˆx〉ω of the s.p. orbital
angular-momentum operator ℓˆx yields the required angu-
lar momentum Ix. This quantum average is obtained in
a similar way as the expectation value of the many-body
Routhian in the subspace of Slater determinants,
〈ℓˆx〉ω ≡ ds
∑
i
nωi
∫
dr ψωi (r) ℓˆx ψ
ω
i (r) = Ix , (4)
where, ds is the spin (spin-isospin) degeneracy of the s.p.
states, nωi their occupation numbers, with corresponding
eigenvalues εωi and eigenfunctions ψ
ω
i (r) of Hˆ
ω, Eq. (3),
and ψ
ω
i (r) their complex conjugate. For relatively small
angular velocities ω and at zero nuclear temperature, the
chemical potential λω is, to a good approximation, equal
to the Fermi energy: λω ≈ εF = ~2k2F/2m, where ~kF is
the Fermi momentum. Within the same approach, one
approximately has for the particle number
N = ds
∑
i
nωi
∫
dr ψωi (r) ψ
ω
i (r) ≈ ds
∫ ∞
0
dε nω(ε) .(5)
This equation determines the chemical potential λω for
a given number N of nucleons.
B. MI as a collective response
Since the continuous parameter ω is introduced and the
uncertainty relation between the angular momentum and
the rotation angles of the body-fixed coordinate system
is neglected, the cranking model is semiclassical in nature
[5, 19, 23, 24]. One may thus consider the collective MI
Θx, for a rotation around the x axis, as the response of
the quantum average δ〈ℓˆx〉ω to the external cranking field
−ωℓˆx, Eq. (3) [18, 19, 22–25, 34–36],
δ〈ℓˆx〉ω = Θxδω , (6)
where
Θx = ∂〈ℓˆx〉ω/∂ω = ∂2E(ω)/∂ω2 , (7)
with E(ω) = 〈Hˆ〉ω ≈ E(0)+ I2x/(2Θx). For a nuclear ro-
tation around the x axis, one can treat, as shown in Refs.
[1, 3, 4, 8, 9], the term −ω ℓˆx as a small perturbation.
With the constraint (4) and the MI, Eq. (7), if treated in
second-order quantum perturbation theory, one obtains
the well-known Inglis cranking formula [1, 4, 5].
For the derivation of the MI shell corrections within
the SCM [6, 8, 9], beyond the quantum perturbation ap-
proach, it turns out to be helpful to use the coordinate
representation of the MI through the s.p. Green’s func-
tions G (r1, r2; ε) as this was done for the other transport
coefficients in Ref. [19, 25, 34, 36]. Taking advantage
of the analogy of our problem of a rotating many-body
system with magnetism, where the magnetization M is
proportional to the field strength B with the magnetic
susceptibility χ as the proportionality constant, the MI
Θx, Eq. (7), can be expressed in a coordinate representa-
tion, as a kind of susceptibility, or as the response func-
tion for collective vibrations [19], in terms of the Green’s
function G (see also Refs. [22–24, 34]). For adiabatic
rotations, one then has
Θx =
2ds
π
∫
∞
0
dε n(ε)
∫
dr1
∫
dr2 ℓx(r1) ℓx(r2)
× Re [G (r1, r2; ε)] Im [G (r1, r2; ε)] , (8)
where ℓ = [r × p] is the particle angular momentum.
Formally, with the help of the spectral representation
of the Green’s function G (r1, r2; ε), one can also obtain
from Eq. (8) the famous Inglis formula for the MI [4, 5].
Within the semiclassical POT, the coordinate repre-
sentation (8) is extremely useful, since it allows to weaken
the applicability criterion of the quantum perturbation
approximation, because the maximal rotational excita-
tion energy ~ω for which the approximation is valid be-
comes now significantly larger than the nearest-neighbor
s.p. level spacing around the Fermi surface εF . At the
same time, ~ω still remains somewhat smaller than the
energy distance between major shells ~Ω (~Ω≈εF /N1/3)
as shown by Migdal [37]. These two conditions are in
contrast to the quantum perturbation approach where, in
the derivation of the standard Inglis cranking formula the
3excitation energies are required to be small with respect
to the s.p. level spacing. This more severe restriction
obviously comes about when using the spectral represen-
tation of the Green’s function G in Eq. (8).
C. Statistically equilibrium rotation
For a semiclassical statistical-equilibrium rotation with
constant frequency ω, one approximately obtains [19, 22,
25] Eq. (1) for the MI Θx in terms of the GRB MI (to
simplify the notation, the sub-script x will be omitted in
what follows),
Θ ≈ m
∫
dr r2⊥ ρ(r) = Θ˜ + δΘ , (9)
with r2
⊥
=y2+z2 and the smooth part Θ˜ = m
∫
dr r2
⊥
ρ˜(r)
of the MI [19, 22, 23, 25, 32], while the shell correction
is given by [19, 22, 23, 25],
δΘ = m
∫
dr r2⊥ δρ(r) . (10)
Eq. (9) is a local approximation (valid for the statistically
averaged rotation [21, 22, 25]) to the general equation (8).
The separation in (9) of the MI into a smooth (average)
part and a shell correction has, of course, its origin in the
corresponding subdivision of the spatial particle density
ρ(r)=− 1
π
Im
∫
dε n (ε) [G (r1,r2; ε)]r1=r2=r= ρ˜+δρ (11)
into a smooth part ρ˜ and a shell correction given by
δρ (r)=− 1
π
Im
∫
dε δn (ε) [G (r1,r2; ε)]r1=r2=r .
Eq. (11) is stemming originally from the standard de-
composition of the occupation numbers into smooth and
fluctuating (shell) parts as usual in the SCM [7]
n = n˜+ δn . (12)
III. QUANTUM CALCULATIONS
In this section, we will describe a system of indepen-
dent fermions (nucleons) moving in a deformed mean field
of the form of a Woods-Saxon (WS) of spheroidal shape
with 0z as symmetry axis.
One then has to solve the Schro¨dinger equation with a
potential
V (r, θ) =
V0
1 + exp {[r −R(θ)] /α} , (13)
where R(θ) denotes the radius of the spheroidal surface
[19, 40, 41] in spherical coordinates {r, θ, ϕ} and α the
surface diffuseness. Introducing semiaxes a and b through
the equation
(x2 + y2)/a2 + z2/b2 = 1 , (14)
where, because of volume conservation, one must require
that a2b = R30, with R0 the radius of the corresponding
spherical shape, one can define through
η =
b
a
(15)
a deformation parameter that will be larger one for pro-
late (b > a) and smaller one for oblate (a > b) shapes.
To solve the Schro¨dinger (eigenvalue) equation with
the potential (13) one can conveniently use the expansion
of the WS eigenfunctions in terms of the well-known de-
formed axially-symmetric harmonic-oscillator (HO) basis
[38], as explained in the appendix. The particle den-
sity ρ(̺, z) can then be written in cylindrical coordinates
{̺, z, ϕ}, where ̺ =
√
x2 + y2, in the standard form:
ρ(̺, z) =
∑
i
ni
∣∣∣ψi(̺, z, ϕ)∣∣∣2 , (16)
where the WS eigenfunctions ψi(̺, z, ϕ) are given in
terms of the HO eigenfunctions Φi [Eq. (A.2)]. For the
MI of statistical equilibrium rotation one has Θ ≈ ΘGRB,
where
ΘGRB = m
∫
dr r2⊥ ρ(̺, z) =
∑
i
niΘi (17)
with
Θi = m
∑
j,k
AijAik
(
J
(y)
jk + J
(z)
jk
)
. (18)
Here Aij are the expansion coefficients of the WS eigen-
functions in the HO basis (see Appendix). In Eq. (18)
we also introduced
J
(y)
jk =
∫
dr y2 Φ∗j (r)Φk(r)=
~
2mω
⊥
δnz ,n′zQ
(y)
nr,n′r
, (19)
and
J
(z)
jk =
∫
dr z2 Φ∗j (r) Φk(r)=
~
mωz
δnr ,n′rQ
(z)
nz,n′z
. (20)
with
Q(y)nr,n′r =
∫
∞
0
ξdξ exp(−ξ) L(Λ)nr (ξ) L
(Λ)
n′r
(ξ) . (21)
and
Q(z)nz,n′z =
∫
∞
−∞
ζ2dζ exp
(−ζ2) Hnz (ζ) Hn′z(ζ) . (22)
Finally, these functions are expressed in terms of the
standard Hermite Hnz(ζ) and associated Laguerre poly-
nomials L(Λ)nr (ξ) [see Eqs. (A.7) and (A.8) defined in the
4new dimensionless variables ξ and ζ, Eq. (A.6). The cal-
culation of the Θi in Eq. (18) is thus reduced to the de-
termination of the transformation matrices Ajk and the
calculation of the simple integrals (21) and (22) which
can be solved analytically through the orthogonality re-
lations of the orthogonal polynomials, but also, to a very
good accuracy, numerically, e.g. through the standard
confluent hypergeometric functions M(a, b, z) [39].
To study the correspondence between quantum and
classical description we will carry out our study with a
WS potential (13) having a relatively sharp edge (small
diffuseness) and a large depth, in order to simulate in
this way the classical motion of particles inside a box of
spheroidal shape.
IV. SEMICLASSICAL APPROACH
Within the POT, both the s.p. energy of the system
and the MI can be subdivided into an avarage part and
a semiclassical shell correction, as this has been done in
Eq. (9). It is then possible [19, 23] to express these shell
components through one another
δΘscl ≈ m 〈r
2
⊥
ε
〉ETF δEscl , (23)
where δEscl is the semiclassical energy shell correction,
with a proportionality coefficient given by
〈r
2
⊥
ε
〉ETF =
∫
dε ε
∫
drdp (r2
⊥
/ε) gETF(r,p; ε)∫
dε ε
∫
drdp gETF(r,p; ε)
, (24)
where gETF(r,p; ε) is the ETF approximation to the
semiclassical level-density distribution gscl(r,p; ε) =
∂fscl(r,p)/∂ε and fscl(r,p) is the Fermi distribution in
phase-space [19, 24]. For the simple TF approach, one
has
gscl(r,p; ε) ≈ gTF(r,p; ε) = δ(ε−H(r,p)) , (25)
withH(r,p) being the classical Hamiltonian. Notice that
the relationship H(r,p) = ε appears in Eq. (24) after
integration over the momentum p due to the δ functions
of H(r,p)− ε and their derivatives with respect to ε (see
Ref. [24]). In the derivation of Eq. (23) for the MI shell
correction δΘscl the improved stationary phase (periodic
orbit) conditions for the evaluation of integrals over the
phase space variables r and p has been used [19, 20, 22–
24, 30, 31]. Within the POT, the PO sum for the energy
shell corrections δEscl writes [12–14, 16, 19, 20, 22, 29–31]
δEscl = ds
∑
PO
~
2
t2PO
δgPO(εF ) , (26)
where tPO = M·tM=1PO (εF ) is the period of particle motion
along the PO (taking into account its repetition number
M) and tM=1PO is the period of the particle motion along
the primitive (M = 1) PO, taken at the Fermi energy
ε=εF . For the shell correction to the semiclassical level
density, one can write
δg(ε) ≈
∑
PO
δgPO(ε) , (27)
where
δgPO(ε) = APO(ε) cos
(
SPO(ε)
~
− π
2
µPO − φ
)
, (28)
with APO being the density amplitude. In the argument
of the cosine function the phase SPO corresponds to the
action for the PO (or the family of POs), µPO is the
Maslov index (see Ref. [42]) and φ is an additional phase
that depends on the dimension of the problem and the
degeneracy of the considered orbits [16, 19, 20, 31]. The
Fermi energy εF is determined by the particle-number
conservation condition (5), that can be written in the
form
N = ds
∫ εF
0
dε g(ε) , (29)
where g(ε) is the total level density. One now needs to
solve this equation to determine the Fermi energy as func-
tion of the particle number, since εF is needed in (26) to
obtain the energy shell correction δEscl. If one were to
use the exact level density g(ε) in (29), one would obtain
a step function for the Fermi energy as function of the
particle number. Using the semiclassical level density
g(ε) ≈ gETF(ε) + δg(ε) (30)
with δg(ε) given by (27) with (28), similar discontinu-
ities would appear. To avoid such a behaviour, one can
apply some kind of Gauss averaging on the level density
g(ε) in Eq. (29), or, what amounts to the same, on the
quantum level density, with, however, a width parame-
ter γ that would be much smaller than in the case of
a shell-correction calculation by the Strutinsky smooth-
ing, namely with γ ≪ ~Ω, i.e. much smaller than the
distance between mayor shells, but still larger than the
energy distance between s.p. levels. Because of the slow
convergence of the PO sum in Eq. (27), it is, however,
more convenient to use in (29) the exact level density
g(ε), averaged as just explained above, to determine the
Fermi energy εF (N) as function of the particle number
N .
The rapid convergence of the PO sum in (26) is ensured
by the factor in front of the density component δgPO, a
factor which is inversely proportional to the time tPO
squared along the PO. Therefore, only POs with reason-
ably short periods which occupy a large enough phase-
space volume will contribute. Let us mention at this
point, that the energy shell correction δE in Eq. (23) is,
of course, through Eq. (29), function of the particle num-
ber N . For the ETF average 〈r⊥/ε〉ETF, Eq. (24), one
can simply use its TF approximation, which gives for the
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FIG. 1. Quantum-mechanical (solid black) and semiclassical (dashed red line) shell-correction energies δE (in units of the
Fermi energy εF ) as function of the cubic root N
1/3 of the particle number, for a spheroidal cavity at deformation η = 1.2.
spheroidal cavity its expression through the semi-axises
a and b [19, 23, 24]:
〈r
2
⊥
ε
〉ETF ≈
a2 + b2
3εF
. (31)
Expressed in units of the classical (TF), i.e. the rigid-
body MI,
ΘTF = m
(
a2 + b2
) N
5
, (32)
one obtains for the MI shell correction, Eq. (23),
δΘscl
ΘTF
=
5 δEscl
3NεF
. (33)
V. DISCUSSIONS OF SHELL EFFECTS
When calculating the energy shell corrections δE for
a system of N particles in a cavity of spheroidal defor-
mation one obtains, when plotted as function of N1/3,
some regular oscillations which are presented in Fig. 1.
This calculation has been carried out for a spheroidal
deformation, with a ratio of semiaxis (see Eq. (15)) of
η = 1.2, i.e. for a rather small deformation, using both
the quantum-mechanical (QM) and a semiclassical (scl)
resolution of the problem. A solid agreement is obtained
between both these methods over a very large range of
particle numbers as shown in the figure, where the energy
shell correction is displayed in units of the Fermi energy
εF . It is not astonishing that this agreement is less pro-
nounced for small particle numbers N where the number
of s.p. states becomes gradually too small to carry out
the Strutinsky smoothing procedure with some reason-
able accuracy. The deep minima (large negative shell
corrections) that appear in Fig. 1 correspond to major
closed shells that are present in nuclei and metallic clus-
ters and that are, for the here considered potential, well
reproduced in both the quantum and the semiclassical
calculations.
Figs. 2 and 3 show a comparison of the shell correc-
tions to the energy and the MI as functions of the par-
ticle number variable, N1/3, for the spheroidal cavity,
as in Fig. 1, and for a spheroidal WS potential, respec-
tively. For the WS potential, we take a constant radius
R0 = r0A
1/3 with r0 = 1.14 fm, for a given particle num-
ber A = 250 (corresponding approximately to the center
of the Fermium (Z=100) isotopic chain), which means
that the radius R0 is fixed in our calculations to a con-
stant R0 = 7.18 fm. Since in the case of the spheroidal
cavity, the spectrum is calculated in the dimensionless
variable kiR0, where ki =
√
2mεi with εi being the en-
ergy spectrum, this dimensionless variable is independent
of the specific value of the radiusR0, one could, for a com-
parison of Figs. 2 and 3, formally consider both systems
to have the same fixed radius R0. Note also that the
plateau condition of the Strutinsky smoothing procedure
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FIG. 2. Semiclassical energy shell correction δEscl, in units of the Fermi energy εF (top a), and MI shell correction δΘscl, in
units of TF MI over A (bottom b) as function of the particle number variable, N1/3, for a deformation η = 1.2 of the spheroidal
cavity, as in Fig. 1, but for a reduced region of particles.
for the spheroidal cavity is obtained in the dimensionless
kiR0 spectrum, in contrast to the WS problem where
this condition has to be satisfied by averaging over the
energy spectrum εi with a Gaussian of width parame-
ter γ ≈ 12 − 14 MeV and a correction polynomial of
the order of degree M = 6 in the energy shell-correction
calculation.
For the WS case (Fig. 3), the shell components δE and
δΘ of the energy and the MI are calculated as functions
of the nucleon number, N1/3, in a WS potential well with
a depth V0 = −300 MeV, a diffuseness α = 0.2 fm and
a radius R0 = 7.18 fm (for a fixed s.p. spectrum) by
the standard SCM. We have chosen a small diffuseness α
and a large depth V0 for the WS-type potential in order
to verify the quantum relationship (2) for this potential,
now close to a spheroidal cavity, by comparing it with the
semiclassical relationship derived analytically [19, 22–24]
for the spheroidal cavity. We have found that one is not
able to chose α smaller than α ≈ 0.2 fm because then
the expansion of the WS eigenfunctions in the HO ba-
sis states becomes badly convergent, and would require
a prohibitive number of major shells n0 in the HO spec-
trum to be taken into account. Moreover, we would like
to dispose of a rather large interval of particle numbers
N1/3 to see several (as much as possible) major shells
in order to test the correspondence (2) between maxima
and minima of the shell structure in the MI δΘ and the
energy δE shell corrections as functions of N1/3. Note
also that there is a difference in the plateau conditions for
the calculation of the MI shell corrections δΘ found from
the s.p. sum in Eq. (17) as compared to the energy shell
correction calculation. The reason is that the quantities
Θi, Eq. (18), which take the role of a “s.p. spectrum”
in Eq. (17), differ from the real energy spectrum εi by
the coefficients Aij from the expansion (A.1) of the WS
eigenfunctions in the deformed HO basis. This leads to
somewhat different values of the Strutinsky smoothing
parameters γ = 12 − 16 MeV and M = 6 − 8 needed
to obtain a plateau in the averaging procedure for the
calculation of δΘ, and thus significantly increases the
number n0 of shells in the HO basis to be taken into
account, like n0 ≈ 20 − 30 for a HO basis deformation
parameter q = 1.2 and a number of about 60 Gaussian
integration points, as compared with a much more stable
energy shell-correction calculations where even n0 = 10
and q = 1.0 − 1.2 can be used. These Strutinsky aver-
aging parameters are found about the same for a whole
region of particle numbers N1/3 shown in Figs. 2 and 3.
Another problem is that there is no reasonable plateau
condition for “billiard” (cavity) potentials, even for en-
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FIG. 3. Quantum-mechanical energy and MI shell corrections, presented as in Fig. 2 (case of the spheroidal cavity), but
obtained here in the same units as in Fig. 2, and at the same deformation (η = 1.2), for a WS potential of depth V0 = −300
MeV, radius R0 = 7.18 fm and diffuseness α = 0.2 fm.
ergy shell correction calculations by averaging over the
energy spectrum εi. As well known and mentioned above,
one needs rather to consider the wave numbers ki as a
“spectrum” for the spheroidal cavity to obtain a well pro-
nounced plateau. For the opposite limit of the HO po-
tential, the energy spectrum εi is used for the averaging
procedure. If we decrease now the diffuseness α of the
WS potential from a value of α ≈ 0.6 fm, realistic for
a nuclear mean-field, to a value of α ≈ 0.2 fm, to make
that potential resemble a spheroidal cavity, to be able
to compare our quantum WS results with the result of
the semiclassical calculation for that cavity, we need to
find some reasonable choice for α in order to be able to
still satisfy the Strutinsky plateau condition for the av-
erage over the energies εi spectrum. Such a compromise
is achieved for the parameters of the WS potential well
as indicated in the caption of Fig. 3.
In the POT calculations presented in Fig. 2 for the
spheroidal cavity, the Fermi energy ǫF (N) changes of
course with the particle number N through Eq. (29). The
MI shell corrections, on the other hand, are divided by
the constant TF MI (32) at N = A and multiplied by
a factor A to use units for the MI that are independent
of the particle number A. Here one should take into ac-
count that, because using a constant radius R0, this TF
MI ΘTF is proportional to the particle number A. Thus
when displaying the ratio δΘ/ΘTFA as function of N
1/3,
as we do in Figs. 2 and 3, one obtains a result that has
practically a constant amplitude. For the spheroidal cav-
ity this scale in particle numbers A can be explained by
(33) taking into account that the amplitude of δEscl/εF
as function of N1/3 is almost constant with an almost
constant period.
The very “non professional ” looking behavior of the
shell corrections in Fig. 1 calls for some explanation.
When plotting the energy shell correction δEscl/εF as
function of the Fermi energy εF , deduced from Eq. (26),
one obtains a smooth curve without any sharp peaks,
peaks which, however, appear as soon as one substitutes
the function εF (N) which is found as explained in detail
in section IV. The same behavior is, of course, and for the
same reasons, also observed for the MI shell corrections.
One can therefore conclude that the spikes observed in
Figs. 1 do not have any profound physical meaning, but
have their origin simply in the quantum structure of our
s.p. spectrum. For obvious reasons, we have therefore
used a sligthly larger Gaussian width parameter for the
averaging of the level density g(ε) in Eq. (29), to make
appear more clearly in Fig. 2 the proportionality between
δΘ and δE as derived in the semiclassical approximation
8in Eq. (33).
The agreement between the variation of both these
quantities δEscl/εF and δΘ/ΘTFA with N
1/3 in Fig. 2 is
striking and, thus, confirms our relations Eqs. (23) and
(33). Notice that the factor 1/t2PO in Eq. (26), with the
time period tPO of the particle motion along the PO, en-
hances, for the rather small deformation presented in the
example of Figs. 1 and 2, shorter meridian and equatorial
POs in the spheroidal cavity. The contributions of longer
newborn three-dimensional and hyperbolic orbits, on the
other hand, are contributing very little for these small de-
formations as compared to the meridian and equatorial
orbits [29, 31]. They are, however, expected to be more
important at larger deformations. All these properties
differ significantly from the results of classical perturba-
tion theory of Ref. [28], where equatorial orbits, e.g., do
not contribute at all.
One notices the presence of several major shell clo-
sures in the range of N1/3 values between 2 and 7 for
which a close correspondence between the energy and
the MI shell correction is observed, thus constituting a
qualitative confirmation of our semiclassical relationship
(23). For large particle numbers, i.e. in the limit when
kFR ∼ N1/3 ≫ 1, semiclassical methods are particularly
well adapted, but we encounter problems with the Struti-
nsky shell-correction method beyond N1/3∼> 6, because,
for the mean-field potential that we have been gradually
filling, the Fermi energy comes close to the continuum of
the s.p. spectrum, which is always difficult to handle. For
smaller particle numbers, in particular below N1/3 ≈ 3,
on the other hand, shell corrections δE or δΘ are not well
defined because then the number of s.p. states becomes
too small to carry out the Strutinsky smoothing proce-
dure with a good accuracy, as already pointed out at the
beginning of the present section.
One has to note that the family of periodic orbits that
gives the main contribution to the semiclassical shell-
correction amplitude for the case of the spheroidal cavity
is enhanced as compared to the case of the WS poten-
tial. Due to the integrability of the spheroidal cavity, the
symmetry parameter1 K is larger there, for the orbits
with highest degeneracy (K = 2), as compared to those
in the axially-symmetric WS potential, where the orbits
with highest degeneracy only have K = 1 for the same
deformation. Therefore, the shell-correction amplitudes,
Eq. (33), of both the energy and the MI are expected to
be enhanced by a factor N1/6 for the spheroidal square-
well as compared to those for the WS potential [20, 31].
Note that in the comparison of the quantum shell cor-
rection δE for a smooth-edge WS potential (Fig. 3) with
the semiclassical result for an infinitely deep spheroidal
square-well potential (Fig. 2) one needs to take into ac-
1 The symmetry (or degeneracy) parameter K of a family of POs is
the number of sigle-valued integrals of a particle motion of fixed
energy, which determine in a unique way the action integral of
the family along the PO for the whole family.
count different boundary conditions. Indeed, these lead
to an additional shift of the Maslov phase in δE, Eq. (26),
for the spheroidal cavity, Eq. (28), as compared with the
case of the WS potential [42].
The shell correction δΘscl, Eq. (23), of the MI turns
out to be much smaller than the classical TF (rigid-
body) component, similar to the energy shell-correction
δE compared to the corresponding TF term. Many im-
portant physical phenomena, such as fission isomerism
or high-spin physics depend, however, dramatically on
these shell effects. On the other hand, shell effects are
expected to play a major role for the magnetic suscepti-
bility, as a reaction of a system of charged particles to a
magnetic field, which are expressed by exactly the same
type of equations as we have for the MI, as mentioned
above. There, the oscillating (shell) components are go-
ing to be largely enhanced as compared to the case of
the MI, studied here (see, e.g., Ref. [18]). Our nonper-
turbative approach for the MI shell corrections can, of
course, be applied for larger rotational frequencies and
larger deformations (e.g. for η ∼ 2.0) where bifurcations
will play a dominant role, like in the case of a deformed
harmonic oscillator [22, 25, 26].
As becomes evident from Fig. 2 for the deformed
spheroidal cavity, and Fig. 3 for an almost sharp-edged
WS potential, a qualitative agreement is observed be-
tween the semiclassical POT and the quantum results,
thus confirming our relation (23), which establishes the
correspondance between δΘ and δE, as this was already
observed for the harmonic oscillator potential [22, 25].
VI. CONCLUSIONS
The shell corrections to the moment of inertia are de-
termined through the generalized rigid-body MI for equi-
librium rotations beyond the quantum perturbation ex-
pansion. We have shown that, for a WS potential of
spheroidal deformation, the semiclassical relation (23)
between energy and moment-of-inertia shell corrections
holds and is in qualitative agreement with the quantum
result. This correspondance between δE and δΘ is also
observed for a spheroidal cavity. A more systematic in-
vestigation of the relationship between these two shell
corrections and a comparison between semiclassical and
quantum results is on our agenda. It will be of partic-
ular interest to carry out this study at a large range of
deformations, since at larger deformations the bifurca-
tion phenomenon is expected to play an important role
[14, 20, 22, 29, 31, 42].
As for further perspectives, on could think of apply-
ing our semiclassical theory to the shell corrections of
other transport coefficients, such as the inertia and fric-
tion parameters, that play e.g. an important role in the
description of the fission process [49, 50]. We also plan
to apply our approach to nuclear systems with a more
realistic surface diffuseness [20, 43] within the nuclear
collective dynamics, in particular involving magic nuclei,
9where the above discussed effects should be strongest.
Using a more realistic Hamiltonians with more generally
deformed mean-field potentials and diffused edges, one
could, in addition, study the bridge bifurcations due to
an unlocal symmetry restoration [43], as explained in our
review [20]. In this connection it is obvious that our POT
results could be extremely interesting for calculations of
shell effects in the magnetic susceptibilities in quantum
dots [18, 35].
One of the most attractive applications of the semi-
classical periodic-orbit theory, however, seems to us its
extension to the spin-orbit and pairing interactions [44–
47], and the study of their influence on the collective
vibrational and rotational excitations in heavy deformed
neutron-rich nuclei (see e.g. Ref. [48]). To compare our
theoretical predictions for the moment of inertia with the
experimental data on rotational bands in well deformed
nuclei, one could think of combining the smooth ETF MI
with the corresponding PO shell corrections.
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Appendix A: Harmonic oscillator basis
For the quantum calculations of the MI and the energy
shell corrections in the spheroidal WS potential (13), one
can perform the diagonalization procedure through an
expansion of the WS eigenfunctions ψi(r) in the basis of
a deformed harmonic oscillator:
ψi(r) =
∑
j
Aij Φj(r) . (A.1)
The HO basis states Φj are defined in cylindrical coordi-
nates {̺, ϕ, z} (x = ̺cosϕ, y = ̺sinϕ, z) as
Φj(r) = |j〉 = |nzn̺Λ〉 = R(Λ)n̺ (̺) Znz(z) φΛ(ϕ) , (A.2)
where nz, n̺, and Λ are the quantum numbers of the
state
R(Λ)n̺ (̺) =
(
2mω
⊥
~
)1/2
exp(−ξ/2) L(Λ)nr (ξ) , (A.3)
Znz(z) =
(mωz
~
)1/4
exp(−ζ2/2) Hnz (ζ) , (A.4)
φΛ(ϕ) = (2π)
−1/2 exp(iΛϕ) , (A.5)
with
ξ1/2 = (mω⊥/~)
1/2̺ = b⊥ ̺ , ζ = (mωz/~)
1/2z = bz z .
(A.6)
The frequencies ω⊥ and ωz of the axially-symmetric HO
basis are connected, as usual, by the volume conservation
condition ω2
⊥
ωz = ω
3
0 , with ω⊥/ωz = q being the defor-
mation parameter of the basis, i.e. ω⊥ = ω0q
1/3 and ωz =
ω0q
−2/3. It is convenient to use dimensionless variables
as we have done through Eqs. (A.6) by introducing an in-
verse length b0 =
√
mω0/~ as a parameter of the HO ba-
sis (for nuclear systems with A ∼ 200−300 considered in
our study, one obtains together with ~ω0 ≈ 50MeV/A1/3
a value of b0 ≈ 0.45 fm−1) and consequntly correspond-
ing inverse lengths b
⊥
= b0 q
1/6 and bz = b0 q
−1/3. The
functions L(Λ)nr (x) andHnz (x) in Eqs. (A.3) and (A.4) are
related to the standard generalized Laguerre L
(Λ)
n (x), and
Hermite Hn(x) polynomials by
L(Λ)n (x) =
(
n!
(n+ Λ)!
)1/2
xΛ/2 L(Λ)n (x) , (A.7)
and
Hn(x) = (2nn!π1/2)−1/2 Hn(x) . (A.8)
The functions LΛnr (x) and Hn(x) obey orthogonality re-
lations similar, up to constants, to those of the Laguerre,
L
(Λ)
n (x), and Hermite, Hn(x), polynomials themselves
[38]. One thus obtains the following relation for the trans-
formation coefficients Aij in Eq. (A.1):∑
j
AijAji = 1 . (A.9)
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